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Abstract. We provide a general framework for the stability of solutions to 
stochastic partial differential equations with respect to perturbations of the 
drift. More precisely, we consider stochastic partial differential equations with 
drift given as the subdifferential of a convex function and prove continuous 
dependence of the solutions with regard to random Mosco convergence of the 
convex potentials. In particular, we identify the concept of stochastic vari¬ 
ational inequalities (SVI) as a well-suited framework to study such stability 
properties. The generality of the developed framework is then laid out by 
deducing Trotter type and homogenization results for stochastic fast diffusion 
and stochastic singular p-Laplace equations. In addition, we provide an SVI 
treatment for stochastic nonlocal p-Laplace equations and prove their conver¬ 
gence to the respective local models. 


1 . Introduction 

We consider the stability of stochastic partial differential equations of the general 
type 

(1.1) dXt € -dip{Xt)dt + B{Xt)dWt 
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with respect to perturbations of the convex, lower-semicontinuous potential (p, de¬ 
fined on some separable Hilbert space H. Here, VF is a cylindrical Wiener process 
on a separable Hilbert space U and B : H ^ L2{U,H) are Lipschitz continuous 
diffusion coefficients. We are especially interested in applications to quasilinear, 
singular-degenerate SPDE, such as the stochastic singular p-Laplace equation 

(1.2) dXt e div (|VXt|P-2vXt) dt + B{Xt)dWt, 

with p £ [1; 2), which will serve as a model example in the introduction. In partic¬ 
ular, this generalizes results obtained in [TTl[T3l[24] on the multi-valued case of the 
stochastic total variation flow {p = 1). 

In the deterministic case, i.e. H = 0 in uni), the stability of solutions with respect 
to if is well-understood [B]. More precisely, for a sequence p" of convex, lower- 
semicontinuous functions on H and corresponding solutions X" it is known that 
the convergence of tp" to ip in Mosco sense (cf. Appendix |B] below) implies the 
convergence of A” to X. 

In the stochastic case HH) much less is known and only particular examples could 
be treated so far [TTillTTU^ (cf. Section [TTT] belowl . In particular, the singular nature 
of p.2l) and the resulting low regularity of the solutions lead to difficulties in proving 
stability with respect to perturbations of the drift dp. In this work we introduce the 
notion of random Mosco convergence of convex, lower-semicontinuous functionals 
p^ and prove that if p" —> (p in random Mosco sense, then the corresponding 
solutions A" to CH) converge weakly, that is, 

X^^X in L2([0,T] X H;H). 

A key ingredient of the proof of this result is the right choice of a notion of a 
solution to HH). Due to the low regularity of solutions to singular SPDE such as 
(11.211 (especially for p = 1), an appropriate notion of a solution needs to rely on 
little regularity only. We identify the SVI approach to SPDE to be a well-suited 
framework to study stability questions for SPDE of the type dm. 

The abstract convergence results are then applied to a variety of examples, that 
become immediate consequences of the abstract theory. For the sake of the in¬ 
troduction we shall restrict to the model example of stochastic singular p-Laplace 
equations dm. We provide three classes of applications partially extending results 

from [IMS]: 

Nonlocal approximation: Consider stochastic singular nonlocal p-Laplace equations 
of the type 

(1.3) dXt G r (• - C) lA^C) - Xt{-)r\x!{i) - Xt{-)) dt + B{Xt) dWt 

where p £ [1,2), J : ^ R is a nonnegative, continuous, radial kernel and is 

an appropriate rescaling given by 



with C being some normalization constant. For details see Section [5] below. We 
prove that the solutions A'^ to dm converge to the solution of the stochastic (local) 
p-Laplace equation dm. 

It should be noted that the natural Gelfand triple associated to dm is the trivial 
triple V = L^(0) C iL = L'^{0) C V*, whereas for (11.211 it is P = {W^'^r\L'^){0) C 
H = L?{0) C V*. Hence, the approximating solutions A® do not satisfy the 
regularity properties that would be required in order to identify their limit as a 
variational solution to dm. This lack of regularity makes the proof of convergence 
to the local model a difficult problem, well beyond existing techniques. 
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We further note that well-posedness for stochastic quasilinear, non-local SPDE such 
as (lESl) is proven here for the first time. The developed SVI framework for (ESI) 
provides a unihed framework for all p G [1,2), in particular including the multi¬ 
valued case p = 1. This joins the two active fields of nonlocal PDE and quasilinear 
SPDE, giving rise to new, intriguing questions such as convergence to local limits 
(cf. Section [5] below) as well as ergodicity and convergence of invariant measures of 
nonlocal SPDE, which is addressed in the subsequent work ES]- 
In the deterministic case (i.e. i? = 0 in (EH)), nonlocal p-Laplace equations have 
been treated in detail in EH5] and the references therein. We note that the approach 
to nonlocal PDE developed in these works is based on the Crandall-Ligget approach 
to accretive PDE, an approach not applicable in the stochastically perturbed case. 
We identify the SVI approach to provide an appropriate alternative to prove well- 
posedness for nonlocal SPDE. 

Trotter type results: Consider stochastic generalized p-Laplace equations of the type 

(1.4) dXt G div (j) (Wt) dt + B{Xt)dWt, 

where (p = dtp and tp : R+ is a convex, continuous function with sublinear 

growth. Assuming tp^ ^ tp in Mosco sense and lim sup„_,,oo'0"(-2^) ^ for 
z G R'^ we prove that the corresponding solutions to (EH converge. In particular, 
this implies continuous dependence of the solutions to (EH on the parameter p G 
[1,2). This partially generalizes [T7l[T^[20] . 

Periodic homogenization: Consider 

dXp = div \VXp\P-^XXp'^ dt + B{Xp) dWt, 

with a G ^“(R^^) being periodic, p G (1,2). We prove that the corresponding 
solutions X^ converge to the homogenized limit 

dXt = Mvia) div {\yXt\P-^XXt) dt + B{Xt) dWt, 

where My {a) := ^V- This solves the periodic homogenization problem 

for stochastic singular p-Laplace equations while previously only degenerate cases, 
i.e. p^ 2, could be treated. A key difference is the lack of the (compact) embedding 
of the associated energy space V = W^’P in in the singular case p G (1,2) which 
renders previous methods inapplicable. This partially generalizes |18lll9j . 

1.1. Overview of known results and comparison. In the following we give 
a brief overview of known stability results for quasilinear SPDE with respect to 
perturbations of the drift. 

In [17] Trotter type results for stochastic porous media equations with linear mul¬ 
tiplicative noise 

OO 

(1.5) dXt G AtP{Xt)dt + fkXtdp’p 

k=l 

on bounded, smooth domains O C R'^ with d ^ 3 and fk G L°°{0) decaying fast 
enough have been shown. More precisely, assuming tp'^ ^ tp in Mosco sense and 
appropriate uniform growth conditions, strong convergence of the corresponding 
solutions V” to X is proven in En¬ 
in comparison, Trotter type results to (EH are immediate consequences of our 
abstract results, without restriction on the dimension d G N. Moreover, we treat 
general diffusion coefficients B, thus dispensing with the linearity assumption on the 
noise in (EH- On the other hand, we only conclude weak convergence of solutions 
whereas strong convergence was shown in m- 
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In the subsequent work m these Trotter type results were extended to spatially 
dependent nonlinearities (again assuming c? ^ 3 and linear multiplicative noise), 

i.e. 

OO 

(1.6) dXt = Xt)dt + ^ fkXtdp’^ 

fc=i 

in order to allow applications to homogenization. In particular, periodic homoge¬ 
nization {e —>■ 0) of the type 

(1.7) dXt = A[a J) (Xf)M^ dt + £ hXtdfd'^ 

is shown in m for TO G [1,5) and requiring stringent assumptions on the spatially 
dependent term a. We note that [18] could only treat the porous medium case 
(to > 1) while the fast diffusion case (to G (0,1)) was left as an open problem. 
An essential difference between these cases is, that in the porous medium case one 
has the compact embedding of the energy space V = in H~^, while this 

ceases to be true for to G (0,1). Again, homogenization for (11.71) with to G (0,1) 
becomes an immediate consequence of our abstract results in general dimension 
d and for general diffusion coefficients B. In addition, our approach allows to 
relax the assumptions posed on a (cf. Section 17.21 belowh As above, we obtain 
weak convergence of solutions to (II3 to the homogenized SPDE, whereas strong 
convergence was deduced in m for a smaller class of SPDE. 

In [12] a Trotter type theorem for variational SPDE with additive noise 

dXt = -XipiXt)dt + dWt 

with respect to perturbations ^ (p has been shown. Eor the notion Xp, i.e. the 
Gateaux differential of (p on E = ^{p), see [19]. As a crucial assumption, in [19] . 
the existence of an underlying uniform (in n) Gelfand triple V A H C V* has 
been assumed. Roughly speaking, this corresponds to assuming uniform domains 
for the potentials p'^, that is, V = 'D{p'^) for all n G N. While such a condition is 
satisfied by applications in periodic homogenization, it is not satisfied by Trotter 
type results as in m, neither for nonlocal approximations such as Similarly, 

in [To] weak convergence of solutions A" to SPDE of the type 

N 

dA” G -dp^{Xt)dt + o dPi 

i=i 

with R" being linear, commuting operators and p^ allowing a uniform Gelfand 
triple was shown. In m these abstract results were then used to analyze the 
periodic homogenization problem for p-Laplace equations of the type 

dAf = div VAf^ ^ dt -|- dWt, 

assuming, besides several further assumptions, that a is strictly elliptic and strongly 
monotone with linear growth. In particular, stochastic singular p-Laplace equations 
such as 

(1.8) dAf = div |VAf dt -f B{X^)dWt, 

with p G (1,2), could not be treated in [T^]. In the present work we show that 
periodic homogenization for (El]) becomes a direct consequence of our general sta¬ 
bility results. This includes general multiplicative noise and singular-degenerate 
p-Laplace drifts, thus partially extending the results from m- As before, we de¬ 
duce weak convergence, while strong convergence was shown in m- 
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The stability of singular p-Laplace equations with additive noise 

(1.9) dXt e div {\VXt\P-'^VXt) dt + dWt, 

with respect to p S [1,2) has been investigated in [20], where strong convergence 
of solutions has been shown, assuming d ^ 2. These results are complemented by 
the results given in the present paper, by allowing multiplicative noise, removing 
the dimensional restriction and by providing a general framework for stability of 
SPDE having stability of (0 with respect to p as a straightforward consequence. 

For related results in deterministic situations we refer to iiaiizj and references 
therein. 

Apart from the stability properties for SPDE obtained in this paper, we develop 
an SVI approach to new classes of quasilinear, singular-degenerate SPDE, such 
as stochastic nonlocal p-Laplace equations. We also prove well-posedness of SVI 
solutions for the stochastic total variation flow 

(1.10) dXt e div (sgn(VAt)) dt + B{Xt)dWt, 

by means of a different method than used in |13| . This signihcantly simplifies the 
proof of well-posedness and generalizes the well-posedness results developed in m 
by removing dimensional restrictions and by allowing general multiplicative noise, 
whereas in m only linear multiplicative noise could be treated. 

We would also like to mention the recently developed operatorial approach to SPDE 
m and the reformulation of SPDE in terms of optimal control problems [inni, 
following the Brezis-Ekeland variational principle, which might prove useful to study 
stability of SPDE in the future. 

1.2. Structure of the paper. In Section [5] we introduce the general framework 
of stochastic variational inequalities and provide the definition of random Mosco 
convergence. The main result of Section [5] is the proof of convergence of solutions 
provided random Mosco convergence of the associated potentials holds. In Section 
|3|( Section Hjresp.) well-posedness of SVI solutions to the stochastic (nonlocal resp.) 
p-Laplace equation is shown. Convergence of solutions to the stochastic nonlocal 
p-Laplace equation to the stochastic local p-Laplace equation is proven in Section 0 
In Section|6]Trotter type results are deduced for stochastic p-Laplace and stochastic 
fast diffusion equations. Homogenization results are presented in Section |7| In the 
Appendix, certain properties of Moreau-Yosida approximations are recalled and 
Mosco convergence results for integral functionals are provided. 


1.3. Notation. In the following we work with generic constants C ^ 0, c > 0 that 
are allowed to change value from line to line and we write 

A<B 

if there is a constant C ^ 0 such that A ^ CB. If (A, d) is a metric space, R > 0 
and X € E, then Bji{x) denotes the open ball of radius R centered at x. We set 

r-H := [rp-V Vr G R. 


We denote the {d — l)-dimensional unit sphere in R'^ by S‘^ ^ and the volume of 
the unit ball in R'^ by ad- Further, we let 


sgn(C) := 



if^^O 
if^ = 0, 


be the maximal monotone extension of the sign function. 
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For m ^ 1 we let L'^{0) be the usual Lebesgue spaces with norm || • W^m and we 
shall often use the shorthand notation L'" := L'^{0), || ■ ||m := || • ||l™( 0)- For a 
function v € L'^{0) we define its extension to by 

u(^) it X € O 
0 otherwise. 

and its average value on a bounded set O C IR'^ by 

Moiv) :=±J^viOd^, 

where \0\ := d^. We further let = H^{0) = be the usual Sobolev 

space of order fc G N, be the space of functions in with trace zero on dO 
and the Hilbert space dual of Hq. For u G L^{0) we define the total variation 
semi-norm by 

llullTy :=sup|y udivTyd^ : 77 G (17^(0;R"'), ||7?||l~ ^ 1 

and let BV be the space of functions of bounded variation, that is, 

BV := {u G L^{0) : HuHte < 00 }. 

We say that a function X G L^([0,T] x H;iJ) is -progressively measurable if 
Xl[Q j] is H([0,t]) 0 J^t-measurable for alH G [0,T]. 

2. Generalities on stochastic variational inequalities 

Let H, U be separable Hilbert spaces and let L 2 {U,H) denote the space of linear 
Hilbert-Schmidt operators from U to H. Let be a cylindrical Wiener 

process on U modeled on a normal filtered probability space (H, J", IP)- 

We consider the SPDE 

(2.1) dXt G -d^{Xt) dt + B{Xt) dWt, 

where d^p is the subdifferential of a lower semi-continuous (l.s.c.), convex, proper 
function : iL —>■ [0, -|-oo]. Without loss of generality we assume (/^(O) = 0. Further, 
let B : H ^ L 2 {U,H) be Lipschitz continuous diffusion coefficients, that is, there 
exists an L > 0 such that for all a;, ?/ G H 

(2-2) \\d3{x) — ^ L ||a; — ?/||^ . 

Let S' be a separable Hilbert space continuously and densely embedded in H, that 
is, S H. 

Definition 2.1. Let xq G L'^{VL,JFq-,H), T > 0. An J^j-progressively measurable 
map X G L^([0,T] x t};H) is said to be an SVI solution to (12.11) if there exists a 
C > 0 such that 

(i) [Regularity] 

(2.3) esssupjg[p_,j., EIIXjII^-HE / v3(Xr)dr < (^(Ellaiollff + 1). 

Jo 

(ii) [Variational inequality] For every admissible test-function Z G L^([0,r] x 
H;S), that is, there are Zq G L^(H, Jq; iJ), G G L^([0,T] x H;iJ), F G 
L^([0,T] X n- L 2 {U, H)) J^t-progressively measurable such that 
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we have that 
Ee-^*\\Xt-ZtfH + 2E 


e ^^ip{Xr) dr 


JO 


(2.5) <E||xo-Zo||^ + 2E / e-^’'ip{Zr)dr-2E [ e-^^{Gr,Xr. - Zr)H dr 

Jo Jo 

+ 2E [ e-^^\\Fr-BiZr)\\l^dr, 

Jo 

for almost alH S [0,T]. 

If, additionally, X G ^([0, T]; F)), we say that X is a (time-)continuous SVI 

solution to (EH). 


Definition [Q modifies notions of stochastic SVI solutions introduced in [mmni 
US]- These modifications are chosen in order to obtain a stable notion of solutions 
with regard to approximations of the subdifferential ip. More precisely. 

Remark 2.2. 

(i) In [13] SVI solutions are defined as time-continuous SVI solutions in the 
sense of Definition 12.11 but satisfying (1^ only for the special case F = 
B{Z). The advantage of the (more restrictive) condition (12.51) is its sta¬ 
bility with respect to approximations of the test-functions Z. For exam¬ 
ple, if P : S' —>■ S' is a continuous linear operator, then PZ is again a 
valid test-function in (12.51) , while it does not necessarily satisfy (12.41) with 
F = B{PZ). 

(ii) Definition l2.1l introduces non-time continuous SVI solutions, assuming only 
X G L^{[0,T]xiJ; H). The point of this generalization is that this property 
proves to be stable under random Mosco convergence ^ ip (cf. Defi¬ 
nition [33] below), while the continuity condition X G L^(n, (^([O, T]; i?)) 
does not. 


We say that an P^-adapted process X G T^(f2, C([0, T];H)) is a strong solution to 
EH, if there exists an rj G L^([0,T] x fl; H) progressively measurable such that 
r] G dp{X) a.e. and 


Xt = xq — / rjrdr + / B{Xr)dWr P-a.s. 


for all t > 0. 


Remark 2.3. If V is a strong solution to EH, then V is a time-continuous SVI 
solution to EH- The constant C in E31), ESI) can be chosen depending on L, 
ll-S(0)llL2(u,ff) only, where L is as in (12.21) . 


Proof, (i): By Ito’s formula and a standard localization argument: 

= ^Ikollff - 2E / {rjr, Xr)Hdr+ E f \\B{Xr)\fl^^(^^JJ■)dr. 
Jo Jo 

By the definition of the subdifferential dp we have that 

{-r],X)H = {ri,0 - ^-p{X) dt®P-a.e. 

and by Lipschitz continuity of B 

\\B{Xr)\\l^^^^H)^C{l+\\XrrH). 


E\\XtfH+E p{Xr)dr<E\\xofH+E ||V,|||,dr +1. 


'■f 


Hence, 
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Gronwall’s Lemma finishes the proof of (12.31) . 
(ii): Let Z 6 C([0, T]; iL)) be given by 


( 2 . 6 ) 


Zt = Zo + / Grdr + / FrdWr 


for some Zq G L^{n,Fo;H), G G L^{[0,T] x 12; iL), F G L^([0,r] x 12; L 2 (C/, iJ)) 
progressively measurable. Then 

d{Xt - Zt) = {-m - Gt)dt + {B{Xt) - Ft)dWt 

and Ito’s formula implies that 

e-^iXt-Zt||^=||xo-Zo||^ + 2 [ e-^^{-ijr-Gr,Xr-Zr)Hdr 

Jo 

+ 2 [ e-^^Xr-Zr,B{Xr)-Fr)HdWr 

Jo 

+ [ e-^^B{Xr)-F,\\l^^^^H^dr 

Jo 

-G [ e-^^\\Xr-Zr\\jidr VtG[0,r]. 

Jo 

Since 

\\B{Xr) - < 2\\BiXr) - B{Zr)\\l^^u,H) + 2||S(^.) " 

< 2L^Xr - ZrWj, + 2\\B{Zr) - 
taking expectations and choosing G ^ 2L^ yields 

e-^^E\\Xt-ZtfH=E\\xo-ZofH + 2E [ e-^^{-Vr - Gr,Xr - Zr)H dr 

Jo 

+ 2E [ e-^^\\B{Zr)-F4l^^^^H)dr VtG[0,r]. 

Jo 

Since 77 G dip{X) a.e. we have that 

{—rjr, Xr — Zr)H ^ ^(Zr) — (p(Xr), dt 0 dP — a.e. 
which finishes the proof. □ 


We next establish the stability of SVI solutions with respect to random Mosco 
convergence of convex functionals in the following sense 

Definition 2.4. We say that ifF ^ tp in random Mosco sense if 

(i) For every sequence Z^ G L^([0,T] x 12; iJ) such that Z” ^ Z for some 
Z G L^([0,T] X 12;iL) and all 7 G L°°([0,T]) non-negative 

liminfE / 

n^oo Jq 

(ii) For every admissible test-function Z G L^([0,r] x 12; S') with p{Z) G 
L^([0,r] X 12) and dZ = Gdt -|- FdW there exists a sequence of admis¬ 
sible test-functions Z" G L^([0, T] x 12; S) with dZ" = G'^dt + F^dW such 
that 

Z^ ^ Zo in L'^{n;H) 

in L2([0,r] X 12;iL) 

F^^F in L2([o,r] X 12;L2(G,iL)) 


7 r.(/j"(Z’")dr-> E f ^r‘p{Zr)dr. 
Jo 
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for n — >■ cxD and, for all 7 G L°°([0,r]) non-negative, 

^ E / jr^{Zr)dr. 

Jo 

In Appendix [B] we show that </?"—>•(/? in Mosco sense implies that Definition 12.41 
(i) is satisfied. Hence, the additional structure required in order to deal with the 
presence of the stochastic perturbation in m is reflected by Definition 12.41 (ii) 
only. As it turns out, this property is easily verified in applications based on the 
following proposition. 


(2.7) 


limsupE / 

n—>00 Jq 


Proposition 2.5. Let ip be convex, l.s.c., proper functions on H, such that 
ip'^ ^ if in Mosco sense. Suppose either of the following 


(i) For all Z G L^([0,T] x fl; S) and all 7 G A°°([0,T]) non-negative 

T rT 

^rF'^{Z)dr ^ E / ^rF{Z)dr. 

Jo 

(ii) For some C > 0, 

lim sup (/?" (m) ^ 'Ju G S 

n—¥oo 

and 


( 2 . 8 ) 


lim sup E 

n—)-cxD 


(2.9) 


ip^{u) ^ (7(1 + ip{u) + llullg) Vu G S. 


Then ip^ ^ ip in random Mosco sense. 


Proof, (i): Obvious, choosing Z" = Z in Definition 12.41 (ii). 

(ii): By the reverse Baton’s inequality, using the bound (12.91) . we obtain 

T pT 

^rF^{Z)dr ^ E / ^rF{Z)dr, 

Jo 

which concludes the proof by (i). □ 


lim sup E 


For example, let be the Moreau-Yosida approximation of a convex, l.s.c., proper 
function ip : FI ^ [0, cxd]. Then Proposition 12.51 implies that 7 :" —>■ 73 in random 
Mosco sense, cf. Proposition 12.81 below. 

We have the following general stability property of SVI solutions with respect to 
random Mosco convergence: 

Theorem 2.6. Letxo G H) and ip^ be a seguenee of convex, l.s.c., proper 

functions such that ip^ ^ ip in random Mosco sense. Let A” be SVI solutions to 
(EH) for ip replaced by satisfying (lOD . (1^ with a constant (7 > 0 independent 
of n. Then there is an SVI solution X to (EU and a subsequence A”'" such that 

A”''^A OT L2([0,r] X D;iJ). 

If SVI solutions to EH) are unique, then the whole sequence A" converges weakly 
to X. 


Proof. By property Definition 12.11 (i): 

esssup,g[o,T]]E|l^rilff + E [ y^”(A,")dr < ^(Ellxolll, + 1 ) < 00. 

Therefore, for a subsequence 

A"'“ ^ A in L^{[0, T] x D; H), 
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for some progressively measurable X € L^{[0, T] x fl; H). Since (p" in random 
Mosco sense, we obtain that 

(2.10) liminfE / dr ^ ( -fr<f{Xr)dr 

Jo Jo 

for all 7 £ L°°([0,T]) non-negative. Hence, 

esssupi^[o,T]®^ll^i|llf [ ip{Xr)dr ^C{E\\xo\\‘jj-\-l). 

Jo 

It remains to prove that X satisfies (12.511 . Let Z £ L^([0,T] x H; S') with ip{Z) £ 
L^([0,T] X H) and satisfying (12.41) for some Zq £ H), G £ L^([0,T] x 

H;iS), F £ L^([0,T] x H; 2^2(17, iL)) progressively measurable. By random Mosco 
convergence there exist sequences Zq £ L^(H, Jg; iJ), G" £ L^([0,r] x fl;i2), 
S'" £ L^([0,T] X H; 2 ^ 2 ( 17 , iS)) progressively measurable such that 

ZJ^ ^ Z in 2.2(H; 22) 

G"^G in 2.2([0,r] X H;22) 

in 2.2([0,r] X H;L2(G,22)) 

and 

(2.11) limsupE / "fr‘p'^{Z^)dr ^ E / ^r^{Zr)dr, 

n—>00 Jo Jo 

for all 7 £ L°°([0,T]) non-negative. Clearly, 

Z? := Zo" + t G" ds + 


[ G^ds+ [ F^dWs^Z in 2.2([0,r] X H;22). 
Jo Jo 


Since is an SVI solution we have that 


Ee 


-Ct||^nfc - -h 2E / e"^>"''(7f"'=)dr 

^0 


( 2 . 12 ) 


<E||xo-Zo"||l, + 2E 

pt 


e-^>"'“(Z;‘'')dr 


- 2E 




-h 2E / for a-e. 2 £ [0,r]. 

Jo 

By (12.1011 and Fatou’s Lemma for each 7 £ L°“([0,r]) non-negative we have that 
liminf f 7 tE f e~^^ip^'°{X^'‘) drdt ^ ( 74 liminfE f (72"'=) drdf 

fe ->00 _/q _/g Jq fe ->00 Jq 




r7tE r 

7o 7o 


e '"'^ip{Xr) drdt. 


Moreover, since 


E 


[ <E / e-^>"''(Z;?'=)dr Vt£[0,r], 

Jo Jo 


we can apply the reverse Fatou’s Lemma and (|2.11l) to obtain that 

limsup f 7 tE f 6“'"’’(/?"''(Z"'“) drdf < f limsupytE f {Z^'‘) drdt 

n—^oo Jq Jq Jq n—>-oo Jq 




Jo Jo 


e (p[Zr) drdt. 
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Hence, integrating (12.121) against 7 £ T]) non-negative and taking liminffc^oo 

we obtain that 


[ jtEe-^^\\Xt-Zt\\jjdt + 2 [ 7 tE / e-^^ip{Xr) drdt 

Jo Jo Jo 

(2.13) ^ / 7 tE||a;o - -I-2 / 7 tE f ip{Zr) drdt 

Jo Jo Jo 

— 2 / 'Jt'E f e~^'^{Gr^Xr — Zr)H d'f'dt 

Jo Jo 

+ 2 [ / e-^^\\Fr-B{Zr)\\l^drdL 

Jo Jo 

Since this is true for all 7 £ L'^([0,T]) non-negative, the claim follows. 


□ 


The same proof as for Theorem l2.6l also allows to study perturbations of the diffusion 
coefficients B. More precisely. 

Remark 2.7. In the situation of Theorem 12.61 let : H -£ L 2 {U,H) be uniformly 
Lipschitz continuous, that is, satisfy (lO) with a constant L independent of n, and 

B^{u)^B{u) inL2{U,H) 

for all u £ H. Let X” be SVI solutions to (12.11) for (f replaced by tp" and B replaced 
by satisfying (12.31) . (12.51) with a constant C > 0 independent of n. Then there 
is an SVI solution X to and a subsequence such that 

X^'^^X in L^{[0,T]xn;H). 

If SVI solutions to (EH) are unique, then the whole sequence V” converges weakly 
to V. 


Proof. We follow the proof of Theorem 12.61 observing that 
< 2111^-'= - B{Zr)\\l^ + 2||H-'=(Z,"'=) - B{Zr)\\l^ 

^ 2||F,"'= - B{Zr)\\l, + 2||H"'=(Z,"'=) - B-HZr)\\l, + 2||H"'=(Z,) - B{Zr)\\l, 

^ 2||F,"'= - B{Zr)\\l, + 2L2||Z-'= - ZrWj, + 2||i?"'=(Z,) - 
Since is Lipschitz continuous and pointwise convergent to B we have that 
||H"(m)|U, ^C(1 + ||u||h) yu£H 

with a constant C > 0 independent of n. Hence, by dominated convergence 
\\B'^{Zr) — B{Zr)\W^ -£ 0 for n ^ 00 and the proof can be finished as before. □ 

Proposition 2.8. Let ip be a l.s.c., convex, proper function on H and let Xq £ 
L^(n,J'o;H). Then: 

(i) There is an SVI solution X to (12.11) . 

(ii) The set of SVI solutions to EH satisfying EH, EH with a uniform 
C > 0 is non-empty, convex and closed in L^([0,r] x Ll\II). 

Proof, (i): We consider the Moreau-Yosida approximation of p. Then dp^ is 

single-valued and Lipschitz continuous (cf. e.g. [ 8 ]). It is easy to see that 

(2.14) dXf^ = -dp^{Xff) dt + B{Xff) dWt 

Yg - XQ 

has a unique, strong solution V” G L^(H; C([0, T]; iL)). Thus, X" is also an SVI 
solution to (12.141) . Moreover, in Mosco- and in pointwise sense and p'^ ^ p 
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(cf. e.g. [5]). By Proposition 12.51 fiB this implies that in random Mosco 

sense. Hence, by Theorem 12.61 there is an SVI solution for tp. 

(ii): Convexity follows from convexity of Mill and p. Non-emptiness follows from 
(i). Closedness follows from Theorem 12.61 □ 

3. SVI APPROACH TO STOCHASTIC p-hAPLACE EQUATIONS 

In this section we develop an SVI approach to stochastic singular p-Laplace evo¬ 
lution equations with zero Neumann boundary conditions, that is, SPDE of the 
type 

dXt G div (|VVt|P-2vVt) dt + B{Xt) dWt, 

(3.1) \VXt\P-^VXfiy3 0 ondO,t>0, 

Xq = Xo 

on bounded, convex, smooth domains O C and with p G [1,2), where u denotes 
the outer normal on dO. In particular, we include the multi-valued case p = 1 for 
which we set |r|“^r = sgn(r), the multi-valued extension of the sign function. In 
the following we will work with the Hilbert spaces H = L^{0), S = H^{0) and 
the Banach space V = (W^’P C L?){0). We suppose that B satisfies the following 
assumptions 

(B) There exists a C > 0 such that 

(3.2) \\B{v) - B{w)\\1^^u,h) ^ C!\\v - w\\jj 'iv,w&H 
and 

(3.3) IM(^)IIL(I/.S) + Vtgs. 

Let i/’(^) = and (^(^) = We define, for p G (1,2), 

ifi;G(Wi'PnM)(0 ) 

■ \+oo ifv € L^{0)\W^'P{0) 

and for p = 1, 

ii V € {bv n l^){0) 

■ j-foo iiv eL'^{0)\BV{0). 

Obviously, p is convex and it is easy to see that p is lower-semicontinuous on H. 
Since p is the lower-semicontinuous hull of P|_tri on H, for u G we have that 

{— divry : p G , p G (j){Xu), d^-a..e. and p • u = 0 a.e. on 80} C dp{u). 

Hence, we may rewrite in the relaxed form 

(3.4) dXt G -dp{Xt) dt + B{Xt) dWt, 

Xq = Xq 

and Definition 12.II yields the concept of (continuous) SVI solutions to (13.11) . 

We note that, ifp > 1, solutions to en) have been constructed in [29) by variational 
methods. In order to prove convergence of nonlocal approximations we require the 
weaker notion of SVI solutions. In particular, we will prove uniqueness of SVI 
solutions to (EH) which is a stronger uniqueness result than previously known. 
The case p = 1, the stochastic total variation flow, has been recently considered 
in [13], where well-posedness of SVI solutions to EH in the case of linear multi¬ 
plicative noise has been shown, by means of a different method. We extend this 
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well-posedness result to general multiplicative noise. In addition, our results com¬ 
plement those of m by characterizing the limit solutions constructed in m as 
SVI solutions to (El. 

The main result of the current section is the proof of well-posedness of (|3.4I) in the 
sense of Definition El 

Theorem 3.1. Let Xg £ L^(fl, JFo', Suppose that (13.21) and (13.31) are satisfied. 
Then there is a unique continuous SVI solution X £ L'^(rt-,C{[0,T]-,H)) to (13.41) 
in the sense of DeRnition \2. R For two SVI solutions X, Y with initial conditions 
xo,yo £ L‘^{Ll\H) we have 

ess supig[o_-r] E||Xt - Yt\\]j < E||a;o - yollli- 


Proof. The proof is based on a three step approximation of (13.11) . Let fj, ,4>^, Rs 
be as in Appendix 1X1 Xg —>■ xg in L‘^(VL-,H) with Xg £ Lf(Vl,Tg]II^) and e > 0. 
We then consider the non-degenerate, non-singular approximating SPDE 

(3.5) dX,= eAXf^’^ dt + div / dt + B{Xf^''^) dWt, 

_ n 

^0 ~ "''0 ! 

with zero Neumann boundary conditions. We will first establish the existence of 
strong solutions to (13.51) and then prove their convergence in the singular, degener¬ 
ate limit (5 —> 0 , e ^ 0 , n —oo. 

Step 1: Non-singular, non-degenerate approximation. 

In this step we consider (13.51) for <5, e > 0, n £ N hx. We thus suppress them in the 
notation of and . By [5S] there is a unique variational solution X to (13.51) 

with respect to the Gelfand triple if {H^)* satisfying 

E sup IIWII^ ^C(E||xo||l, + l). 

te[o,T] 


Claim: We have 

(3.6) E sup \\Xt\\]J^ + 2eE [ ||AA,||l,dr ^ C(E||a;o||^i + 1), 

tG[o,T] Jg 

with a constant G > 0 independent of e, d and n. 

Indeed: In the following we let (ei)“]^ be an orthonormal basis of eigenvectors of 
the Neumann Laplacian — A on L^{0). We further let Pn : H ^ spanjei,..., e„} 
be the orthogonal projection onto the span of the hrst n eigenvectors. We recall 
that the unique variational solution X^ to (ED is constructed in [55] as the (weak) 
limit X of the following Galerkin approximation 

dXf = ePnAXf dt + Pn div fiXXf) dt + PnB{Xf) dWf, 

Ao" = Pr,xg. 

By [551 Theorem 4.2.4 and its proof]. A" ^ A weakly in T^([0,r] x 11; id), A is 
unique and A £ L^(0; G([0, T]; ii)). We set 1111111^1 := ||Vr ;||2 for v £ H^. Ito’s 
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formula then yields 

\m\\, = \\Pux4\^ + 2 + P„div</.(VA,"))^i dr 

Jo 

+ 2 ^ (X;, P„S(X,") dW^H^ dr + J^ dr 


= IIP, 


,xo||^,-2e/ ||AX;||l,dr + 2 / (X^, P„ div </>(VX;))^, dr 
Jo Jo 


+ 2^‘(X,",P„P(X,")dlF,")^, dr + £ ||P„P(X;)||2^(^_^,^dr. 

For V € with (j>(Vv) • i/ = 0 on dO, arguing as in [531 Example 7.11], we obtain 
that 


(3.7) 


(r,div(()(Vr))^i = (-Au, div (/)(Vu))i/ 

= lim {TnV, div (j){\7v))H 

n—^oo 

= lim {nu — nJnU, div 4>{'\7 v))h 

n—^■oo 


<0 


lim n( tfj(VJnu)d^— / il){^XL)d^ 
l-KX> \Jq Jq 


where Tn is the Yosida-approximation and Jn the resolvent of the Neumann Lapla- 
cian —A on L^. Using this, (|3.3I) and the Burkholder-Davis-Gundy inequality yields 

(3.8) Je sup e-^‘||X,"11^1 ^Ellxoll^i-2£E / e-^HI AX,"||^ dr + C, 

^ te[o.T] Jo 

for some C > 0 large enough. Hence, X” is uniformly bounded in P^([0, T] x U; H^) 
and L^(O;L°“([0,T];id^)) and we may extract a weakly (weak* resp.) convergent 
subsequence (for simplicity we stick with the notation X”). Therefore, we have 

X"^X, in L 2 ([ 0 ,T] X 

X" ^* X, in T]; iJi)), 


for n —>• oo. Here, X € P^(H; (^([O, T]; id)) is as above. By weak lower semiconti¬ 
nuity of the norms we may pass to the limit in (13.81) which yields the claim. 

Step 2: Singular limit (6^0). In this step we consider the singular limit d —>■ 0. 
Since we keep e, n fix they are suppressed in the notation. Let X^ be the strong 
solution to (13.51) constructed in step one. For two solutions X^^, X^^ to (13.51) with 
initial condition xq G L^(fl;U^) we have 


^-Ktn v<^: 


xr-xf^iii,=2 


[ {eAX^^ - eAXf .^, X^^^ - Xf .-^)h dr 

Jo 

+ 2 [ (div (j)^^ (VX^^i) - div (VX,^=), X^^ - X^^)h dr 

Jo 

+ 2 [ - X ^^, B{X ^^) - B{X^^))h dWr 

Jo 

+ /‘e-^n|P(X,^^)-P(X]5=)||i^dr 

-K f dr. 

Jo 
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Due to (IA.6I) we observe that 

(div ) - div ), X^^ - X^^)H 

= - [ {XXf.^) - (VX^^)) ■ (VX^^ - VX^^)d^ 

JO 

^0(61+62) [ il + \XX^,^\‘^ + \XX^,^^)d^ 

Jo 

^C{8^+82){l + \\X^/\\l.+\\X^r^\\l.). 

dr (g) P-a.e.. Moreover, 

{eXXf.^ - eXX^/,X^^^ -X^/)h^0 


dr{g)P-a.e.. Thus, 

e-^^\\xt-xtm ^C{ 8 , + 82 ) Ait + 

Jo 

+ 2 [ -X^^\B{Xf^)-B{X^^))HdWr 

Jo 

+ C t dr 

JO 

-K f e-^^\\Xf^ - X^^^Wl dr. 

Jo 

Using the Burkholder-Davis-Gundy inequality and (EH) we obtain 

(3.9) E sup e-^*\\xf^-Xf^\\l^Ci 8 i+ 82 )m\j:ofHi+l), 

te[o.T] 

for itr > 0 large enough. Hence, we obtain the existence of an {J^i}-adapted process 
X e L^(H; (^([O, T]; iJ)) with Xq = xq such that 

E sup \\Xf — XtW’^j —>-0 for d —> 0. 
te(o.T] 

Step 3: Vanishing viscosity (e —)> 0). For two solutions to (13.51) with 

initial conditions Xq,Xq G we have 

TL^ei.iS 'i^£2,i5||2 

e ll^t ~ \\h 

= \\xl- 4 fH + 2 [ e-^^{eiAX^^’^ - e 2 AX^^’^,X^^’^ - X^^^’^)Hdr 
Jo 

+ 2 [ e-^^diY(j)\XX^^’^) -diY(j3\XX^^’^),X^^^’^ - X^^’^)Hdr 

Jo 

+ 2 [ B{X^/'^) - B{X^^’^))HdWr 

Jo 

+ r e-^^\\BiX-y ) - dr 

JO 

-K [ e-^^\\X^^’^-X^^’^Wjjdr. 

Jo 

We note 


■ (a —b) >0 Va, b G 
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and 


= f {eiXX^^'^ - e2'^X^^’^) ■ {XX^^’^ - VX^^’^) d^ 

Jo 

< C(ei + £2){\\Xl'-'^\\'\ji + ||-^r^’‘^||^i), 

di0P-a.e.. Thus, 

+ C{£i+£ 2) f (1 + ||X®i’'^||^i + IIA^^’^ll^i) dr 

do 

+ 2 [ - x^^’\ B{X^^'^) - B{X^^’^))HdWr 

Jo 

+ C [ e-^ni^r^’^ - Xr^’^Wn dr 
Jo 

-K [ -X^^^^W^dr. 

Jo 

Using the Burkholder-Davis-Gundy inequality and (|3.6p we obtain 

E sup 
te[o.T] 

+ C{£i + £2)(E||a:J||^i + Ellxgll^i + 1), 

for iiT > 0 large enough. Taking the limit d —>■ 0 yields (by step one) 

(3.10) E sup -Xf III, ^2E\\xl - xlWj, 

ie[0.T] 

+ C{ei + £2)(E||xJ|||,i + E||xq|||,i + 1). 

Hence, there is an {Xt}-adapted process X G L^(H; (^([O, T]; iJ)) with Xq = xq 
such that 

E sup ||X| — Xilll, —;■ 0 for £ —>■ 0. 
te[o,T] 

Step 4- Approximating the initial condition (n oo). Let be the unique 

strong solution (13.5|) and X'*’”,X"’ be the limits constructed in the last two steps. 
Taking £ —>• 0 in (13.101) yields 

E sup e-^‘||Xr-Xn||,aEK-<|||,. 
te(o.T] 

Thus, there is an {Xt}-adapted process X G T^(H; CdO, T]; iJ)) with Xq = xq such 
that 

E sup ||X” — Xtlll, 0 for n —>• oo. 
te[o,T] 


Step 5: Energy inequality. Ito’s formula implies 

Ee-*^||X|’^’”|||, <E||:r^|||, + 2E [ e-"‘^(£AX,"’^’" + div^(VX|’'5 ’"),X,"’^’")h dr 

Jo 

+ E [ e-^^\\B{X^/’^)\\ljr-CE [ ||X|-‘5’'‘||^ dr. 

Jo Jo 
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Since 


= {eXXp^^'^,Xp^'^)H - {(t>\VXp^'^),VXp^''^)H 

Jo 

^^{X^/^^) + C 6 {\\X^/’-f^,+l) 


and 


\\ B { x ^/’ n \\ l,<i + \\ x ^/’^ jj ^ 

choosing C large enough yields 

Ee-‘^||X,"’^’”||^ + 2E [ e-^^(p{X^/’^) dr ^ ^(Ellx^ll^ + 1) + C^dl+ 1). 

Using lower-semicontinuity of (f and (ED) we may take the limit <5 —>■ 0 and, subse¬ 
quently, the limits e —>■ 0, n —> oo to obtain (12.31) . 

Step 6: Variational inequality. 

Let now F, G, Z be as in Definition [2jT] (with H = L^{0) and S = H^(0)) and let 
Xe,s,n |.]^g solution to (13.51) with initial conditions Xq G L'^IQ.,Fq\H^) satisfying 
Xg —>■ cco in L‘^(yi\H). Ito’s formula implies 




Ee"*^||Xt- Zt 

= E||a;(( - Zg\\]j + 2E / e-^^+ div/(VX^^’^’”) - Gr,X^’^’^ - Zr)Hdr 
Jq 

+ E [ e-^^\\B{Xp^’^) - FrWl^dr 
Jo 


-KE 


—rK II -y^rs.S.n 


Xl^^'^^-ZrW^ dr. 


Due to (El we have 

\ip{v) — y (u)| ^ (75(1 -I- ‘p{v)) Vv G H^{0) 

and thus (using convexity of and (IA.3I) 1 

(divy(VA,^’^’”),X,^’^'" - Zr)H ^/(^r) - y(A,^’^’”) 

^^(Zr) - ifiXp^’-) + CSil + q^iXp^m 

dr (g) P-a.e.. Moreover, 

- Zr)H < e\\AXp^’^\\H\\Xp^’^ - ZP\h 


< WAXp^^m + ei\\Xp^’^ - Z, 


r\\H 


dr (g) P-a.e.. Since 


P(^eAn) _ ^ \\B{XP^’-) - B{Zr)\\l, + ||i?(Z,) - F,||i^ 

^ 2 Lp\Xp^^- - ZppH + nB{Z,) - FrWl^, 
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we conclude that 






||^ + 2e/ 

Jo 

-Zo\\‘ji + 2E[ e-^^ip{Zr)dr + C5Ej e-''^{I + dr 

Jo Jo 

-2E [ e-'^^{Gr,X^’^’^ - Zr)H dr+ 2E [ \\B{Zr) - Fr\\l^ dr 

Jo Jo 

+ 2 E^ (ei\\AX^,’^’m + ei\\X^/’^ - Zrfn) dr. 

Note that (p{v) < ||u||^i + 1 for u G H^. Using (IH. 6 |) we may now first let <5 —)> 0, 
then £ —> 0 and then n —>■ c» to obtain (12.511 by lower-semicontinuity of v? on if. 
Step 1: Uniqueness. 

Let X be a continuous SVI solution to and let be the (strong) solution 

to (13.51) with initial condition ?/g G H^) satisfying j/g —>■ yg in H). Then 

(1^ with Z = F = B{Z) and G = -h div/(Vr''>") yields 

Ee-*^||Xi-y/’”|||^-h 2 E f e-''^ip{Xr)dr 

Jo 

^E||xo - y^Wjj + 2 E / dr 

Jo 

-2E [ e-’'-^(£AF/’"-hdiv/(VF/’"),X^-y/’”)^/dr, 

Jo 

for a.e. t G [0,T]. By (IA.4I1 . for all x G ii^ we have 

-(div<?i‘^(Vy"’‘^’”),a;-y'^’^’”)i/-bv?(F'^’^’”) ^ ip{x)+GS{l+if{Y^’^’^)) dr^P-a.e.. 

Since (p is the lower-semicontinuous hull of (p restricted to ii^, for a.e. {t,uj) G 
[0, T] X O, we can choose a sequence x™ G ii^ such that x™ —)• Xt{uj) and p{x^) 
p{Xt{uj)). Hence, 

-(div((.'5(Vy"’'^’"),X-F"’'5’")ff-F(^(y^’'^’") ^ p[X)+G5{l+p{Y^’^''^)) dr( 8 P-a.e.. 

Thus, 

rt 


Ee 


-tK 


\Xt-n’^'’^\\l^E\\xo-y^fH + GSE [ dr 

+ 2EjJ| (e3||Ay/’^’”||l^ + £i||X, dr. 

Taking d —)► 0 then £ —>• 0 (using (13.61) ') and then n —>■ oo yields 

E\\Xt-Yt\\l ^e‘^E||xo-2/o||lf, 

for a.e. t G [0,T]. □ 


4. SVI APPROACH TO STOCHASTIC NONLOCAL p-LAPLACE EQUATIONS 

In this section we derive an SVI formulation for stochastic singular nonlocal p- 
Laplace equations with homogeneous Neumann boundary condition of the type 

(4.1) dXte (^J^J{--0\Xt{0-Xt{-)r^iXt{0-M-))d^'^dt + B{Xt)dWt 

Xo=xoGL2(H,Xo;L2(0)), 

where p G [1, 2), lU is a cylindrical Wiener process on some separable Hilbert space 
U, B : L'^{0) L 2 {U, L^{0)) is Lipschitz continuous and O is a bounded, smooth 
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domain in The kernel J : R is supposed to be a nonnegative, continuous, 

radial function with compact support, J(0) > 0 and J{z) dz = 1. In particular, 
we include the multivalued, limiting case p = 1, for which we set |r|“^r = sgn(r) 
to be the maximal monotone extension of the sign function. 

In the following we develop an SVI approach to dm, thus providing a unified 
treatment for SPDE of the type m including the multivalued case p =1. We let 
S = H := L^{0) and define 

[ ( J{C,-C)\u{C)-u{0\^ dC,d£„ u&H. 

2 p Jo Jo 

It is easy to see that ip defines a continuous, convex function on H with subdiffer¬ 
ential, if p > 1, 

A{u) ■=-dp{u)= f J{-- OHO-u{-))d^ 

Jo 

and, if p = 1, 

A{u) := — d(p{u) 

= {J^Ji--0v{0-)d^ : llryllioo < 1, r]{00 = -r]{C,0 and 

J{C- OviO 0 &JiC-0 sgn(u(0 -u{0) for a.e. (^, C) € O x o|, 
for u G H. Hence, we may rewrite m as 

dXt G -dp{Xt) dt + B{Xt) dWt 

= Xo- 

There exists an SVI solution to (14.11) by Proposition l2.8l Furthermore, 

Theorem 4.1. Let xq G L'^{n,Xo; H). Suppose that (18.21) is satisfied. Then there 
is a unique eontinuous SVI solution X to m in the sense of Definition \2.R For 
two SVI solutions X, Y with initial eonditions xo,yo G L^(Ll]H) we have 

(4-2) esssup4g[o,T]]E||Vt - Vtlllj < E||a;o - pollli- 

Proof. We start by proving the existence of continuous SVI solutions to (14.11) . We 
recall that Proposition 12.81 implies the existence of SVI solutions to (14.11) based on 
the Moreau-Yosida approximation of ip. In order to prove uniqueness of (continu¬ 
ous) SVI solutions to m we need to consider an alternative approximation . 
Indeed, it turns out that in order to prove uniqueness of SVI solutions it is essential 
that the approximations satisfy p^{v) ^ (p(u)-l-Err(u) for some well-controlled error 
term Err. For the Moreau-Yosida approximation we rather have ^ p and no 
lower bound on p^ is known in general. 

Step 1: Strong approximating SPDE. We consider non-singular approximations of 
the nonlinearity p: Let Hs be as in Appendix Ed We then consider 

(4.3) p\u) ■.= ]-( [ J - 0 H HO - HO) dHC 

^ Jo JO 

A\u) :=-dpOu) = [ J{--OHHO-H-))dO uGH. 

Jo 

and, as a strong approximation, the non-singular, non-degenerate SPDE: 

(4.4) dX^ = -dpOxOdt + B(Xf)dWt, 

X^ = xo. 
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By [55] there is a unique variational solution to (14.41) constructed along the trivial 
Gelfand triple V = H C V* and with a = 2. We verify, keeping in mind that 
V = H = V*: 

(HI) Hemi-continuity: A : V ^ V* is continuous. 

(H2) Monotonicity (compare with [H Lemma 6.5]): 

2 v {A^{u) — A^{v), u — v)v 

= f f JiC- - u{0)iiu - ^^)(C) - (m - '!^)(0) d( 

Jo Jo 

-f f -^^(C))((m-u)(C) - (u-u)(C))d^dC 

Jo Jo 

= - f f J{C-0{J{u{0-n{0)-Jiv{0-vm 

Jo Jo 

{u{0 - w(C) - - ^(0)) d^ dC 

^ 0 . 

(H3) Coercivity: 

2v{A\u),u)v = - f f J{C-0J{u{^)-u{0){u{^)-u{C))d^dC 
Jo Jo 

^ WMIh ~ ■ 

(H4) Growth: Using Holder’s inequality 

iv.(ki^(u),u)vKi f f jHc-o\J\iv{o-v{0)jHc-o\u{o-u{o\d^d(: 

^ Jo Jo 

(/^ - ^(0) dC ' 

^ d(C - 0 wo - «(C) P de dc) ' 

By (lA.lj) we have \(j)^\^{r) < (7(1 + jrp) and thus 
P(u)||v. ^C(l + ||u||y). 


Using [55] Theorem 4.2.4] there is a unique variational solution to (14.411 and 

(4.5) E sup |]Wf < (7 < oo, 

te[o.T] 

for some constant (7 > 0 independent of <5 > 0. Since A^ : H ^ H is Lipschitz 
continuous is a strong solution to (jUj). 
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Step 2: Convergence for S ^ 0. For two solutions to (14.41) with initial 

condition xq G we have by Ito’s formula 

_ ^52||2^ ^2 [ - X^^)Hdr 

Jo 

+ 2 [ e-^^{X^^ - X ^^, B{X^^) - B{Xf.^))H dWr 

Jo 

+ f e-^^\\B{X^-) - BiX^,^)\\l^dr 

-K f e-^^X^^--Xl^]j dr. 

Jo 

We observe that 

— (u) — (v),u — v)h 

= -[ [ •HC-0{^'^H0-u{0)-cl^'%v{0-v{0)) 

Jo Jo 

(uiO - w(C) - (^'(0 - ^^(0)) d^ dC 

and due to (IA. 6 I 1 we obtain 

— {dip^^ (u) — dip^^{v),u — v)h 

^c{Si + S 2 ) f f JiC-Oi^ + HO-uiOl^ + HO-vion d^dc 
Jo Jo 

< C{ 5 i + 82 ) (1 + WuWff + IIuIIIj^) . 

In conclusion, 

e-^*||A^ - Xf^Wl =C{Si + ^ 2 ) (l + WX^r^fn + \\X^^jf) dr 

Jo 

+ 2 [ - X ^^, BiX ^^) - B{Xf.^))H dWr 

Jo 

+ f e-^^BiX^,-) - B{X^^)\\l^dr 
Jo 

-K f e-^^\\Xt^-Xtm dr. 

Jo 

Using the Burkholder-Davis-Gundy inequality and (031, we obtain 

(4.6) E sup e-^*\\Xf^-Xf-\\j,^C{Si+S 2 )mj:o\\ji + l), 

te[o,T] 

for K > 0 large enough. Hence, we obtain the existence of a sequence of {Tt}- 
adapted, time-continuous processes X^ S C([0, T]; H)) with Xq = Xg and an 
{J^t}-adapted process X € (^([O, T];ff)) with Xg = xg such that 

E sup \\Xf — XtW'^fj ^ Q for (5 0. 

te[o,T] 

Step 3: Energy inequality. An application of Ito’s formula and a standard localiza¬ 
tion argument yield 

EIIAflll, = E||xo||l, -2E j\dg^\xt),X^,)Hdr + ¥. f 

Jo Jo 

By the definition of the subdifferential we have 

{-d<p^{X^),X^)H = {dip^{X^),0- X^)h < dt( 8 )P-a.s. 
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and by Lipschitz continuity of B 

Hence, using Gronwall’s Lemma yields 

Ee-«||X/|||, +E f e-^^^\xt)dT < E||xo||l^ + 1- 
Due to (|A.4p we thus obtain 

EWXfrn + E ^{X^r)dr < E||xo||l, + I + SE f \\X^J%dr. 

Jo Jo 

Taking the limit i5 —>■ 0 and using lower semicontinuity of u i—>■ E Lp{y)dr on 
L^([0,T] X ^]H) yields Definition 12.11 (i). 

Step 4' Variational inequality. It remains to prove that the time-continuous process 
X solves the SVI. Since X^ is a strong solution to iHl), by Remark 12.31 for each 
{Z, F,G, Zq) as in Definition 12.II we have that 

Ee-^^\\Xf - ZtfH +2E [ 

Jo 

(4.7) ^E||a;o-^o||ff + 2E / e-^^(p\Zr) dr - 2E f e-^'^{Gr, X^^ - Zr)H dr 

Jo Jo 

+ 2E f e-^^\\Fr-B{Zr)\\l^^u,H)dr Vte [0,T]. 

JO 

By (|A.4p we have 

\p\Zr)-q^[Zr)\<5{lFq^{Zr)) 

<5{1 + \\ZA?h)- 


Mosco convergence of —>■ can easily be verified using Fatou’s lemma and 

Lebesgue’s dominated convergence and the fact that converges pointwise and 
Mosco to Ip- Hence, by Mosco convergence of integral functionals (see Appendix iBll. 
taking the limit in (03) implies that A is a continuous SVI solution to 03. 

Step 5: Uniqueness. Let X be an SVI solution to 03 and let {V^} be the (strong) 
solution to (14.4|) with initial condition yo G L^(H;iL). Then (12.61) with Z = , 

F = B{Z) and G = -dip^iY^ yield 

Ee-*^\\Xt-YA\AH + 2E [ e-^^ip{Xr)dr 
-Jo 

<E||io-yo||l^ + 2 E / e-^^q,{YA)dr 
Jo 

+ 2E [ e-’'^(ay (V/), - YA)h dr for a.e. t > 0. 

Jo 

By the subgradient property and (|A.3p . 

id^\YA), Xr - yA)h + y (y/) < y (V) < ifiXr) dr 0 P - a.e.. 
Moreover, due to (IA.4I) we have 

iy(v/)-^(y/)|<d(i + <p(v/)) 

<d(l + ||V/||l,). 

Thus, 


E||At-V/|||,s^Ee‘^||a;o-yo||lf + ^(l+E||V/||l,) for a.e. t > 0. 
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Since by step two we have ^ Y m C([0,T];i/)) we may take the limit 
(5 —> 0, which by weak lower semicontinuity of the norm concludes the proof. □ 


5. Convergence of stochastic nonlocal to local p-Laplace equations 


In this section, we investigate the convergence of the solutions to the stochastic 
nonlocal p-Laplace equation to solutions of the stochastic (local) p-Laplace equation 
under appropriate rescaling of the kernel J. 

More precisely, let O C IR'^ be a bounded, convex, smooth domain and let J : IR'^ —>■ 
IR be a nonnegative continuous radial function with compact support, J(0) > 0, 
J(z) dz = 1 and J(x) > J(y) for all |a;| < |?/|. 

For pG[l,2),e>0, we then define the rescaled functionals 


for u € LP{0), where 


c-c 


w(C) 


dCd^, 


= 2 


Furthermore, for p G (1, 2), we set 




J{z)\zd\^dz. 


if u€W^’P{0), 

■ 1+00, if ueLP{0)\W^’P{0), 


whereas, for p = 1, we set 


ip{u) 


\\u\\tv, if ueBV{0), 

+00, if u€ L\0)\BV{0), 


By Theorem |4+] for each e > 0, there is a unique time-continuous SVI solution X‘^ 
to the stochastic nonlocal p-Laplace equation 


(5.1) dXf e -dL2ipeiX^t) dt + B{X^)dWt, 

X^=x 

and by Theorem 13.11 there is a unique time-continuous SVI solution to the stochastic 
(local) p-Laplace equation 

(5.2) dXt e -dL2ip(Xt) dt + B{Xt)dWt, 

Xq = X, 


where 9^2 p denotes the subgradient of p restricted to L^. 

Theorem 5.1. Let Xq G L‘^{n,To; H) and let X^, X he the time-continuous SVI 
solution to (1^ . (US respectively. Then 

X^^X in L^{[0,T]xn;H). 


Proof. We shall verify the conditions of Proposition 12.51 (ii), which will conclude 
the proof by an application of Theorem 12.61 Hence, we need to show that (12.91) is 
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satisfied. To do so, we first note that 

1 


(5.3) 


C7i = 




2 

\f 


J(| 2 ;|)|z • Cdl^dz 


J{\z\)U 


z 

1 i ’ 

2 


dz 


where 


Hence, 


= i / f ^\a ■ Cdl^dadr 

2 J-R+ 

Kp,d ■= [ W ■ CdY’da. 

[ J{r)rP+‘^-^dr = l. 

2 7ri 


Thus, by [TU Proposition IX.3], for each u £ W^’P{0) = 'D{ip), if p G (1,2), 


(p^{u) = 


J 


o Jo 


Cj,p 

2 pe‘^ 

Cj,p 

2 peP 

f 

2peP 

^J,p f 

2P jRd 

^J,p f 

2p Jtr+ 


e-c 


u(C) -m(^) 


dCd^ 




= da, 


[ J (z) [ \u{^ + ez) - u{^)f d^dz 
Jr’‘ Jo 

J {z) f \Vu(()\^ d^\ez\Pdz 
Jo 

J{z)\z\Pdz [ |Vm(^)|^ 


J{r)rP+‘^-^dr f |Vw(Or d^ 

Jo 


dad 1 


\Vu{Of d^ 


d^p,d P Jo 

= Cp{u), 

for each u £ BV(0), if p = 1, resp., by [T5j eqs. (14)-(16)] 


p^(u) = 


€ 


2 e‘^ 

2 s 

Cj,i 

2 s 

CJA 


J 


O JO 




w(C) - 


dC.di 


- [ J (z) [ \u{^ + sz) — u{^)\ d^dz 

dR<i Jo 


/R<i JO 

J {z) \sz\dz \Du\{0) 


'R-i 


= da, 


2 jRd 

Cj,i 


J{z)\z\dz\Du\{0) 
j J {r) r'^dr \Du\[0) 


' IR 4 - 


dad 


\M\tv 


Ki,d 

= Cp{u), 

where we have denoted the total variation of the vector measure Du by \Du\, that 
is, |llu|(0) = ||m||tv- By Proposition 15.21 below we can apply Theorem 12.61 to 
conclude the proof. □ 


























STABILITY OF SOLUTIONS TO SPDE 


25 


Proposition 5.2. Let £„ \ 0 as n ^ oo. Then 

(i) For each sequence ^ u weakly in LP{0) as n ^ oo, we have that 
lim inf (/J®" (u®") ^ 

n—^co 

(a) For each u G W^’P(O) (if p G (1,2)^, for each u G BV{0), resp. (if 
p = 1 ), it holds that 

lim 1 ^®" (it) = (p{u). 

n—¥oo 

In particular, (p^ ^ (p in Mosco sense in . 

Proof, (i): For simplicity set := it®" and := . Clearly, sup„gj^ lk”llLP(o) ^ 

C for some constant C > 0. Without loss of generality we may assume 

lim inf v?"(it") < +00 

n—¥C!0 

Suppose therefore, after extracting a subsequence if necessary (denoted by v^, too), 
that 


In particular. 


liminf(p"(i;") = lim 

n—¥oo n—^co 


sup p^{v^) ^ C 

n^N 


for some constant C > 0. We get that 


Cj,p 




o JO 


e-c 


dCd^^Cpe^. 


Case: p € (1,2) 

By [3 Theorem 6.11] it follows that u G W^’^{0) and 


C. 


J,p 


i/p ^ 

J{z)] ^oii+£nZ)- 


\^ + enz)-v'^{0 fCj,^ 


1/p 

j{z)] z-yu{c) 


weakly in LP{ 0 ) x LP(R‘^). 

Note that by variable substitution, 

Cj,p 


2 p Jo 

Cj.p 

2 pei 

= 


Jiz)loi^ + £nZ) 


v^i^ + enz)-v^{f) 


dz df, 


o Jo 


e-c 




dfd^ 


Let p{f,,z) G X LP/(P ^)(R‘^) be a test-function. Then by Young’s 

inequality 


C. 


j,p 


€ 




o Jb.'^ V 2 

Cj,p 


2 p Jo Jtr,'^ 

p - 1 


\ i/p 

^o{f + £nZ) 
J{z)lo{f + £nZ) 


V^i^ + £nZ)-V^iO 


v^{^ + er,z)-v^iO P 


r]{i,z)dzdf 
dz df, 


P 


[ [ \vitz)\P/<~P-^Uzdf. 

JO JB'^ 
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Upon taking the limit n —>■ c» we obtain that 

\ i/p 

-J{z)] z ■z) dz 


O 


Cj,p 


^ liminf(^"(i;") + ^- - [ [ z)\p^^p-^Uz d^. 

n^oo p 

Choosing 

/ fy \ (p-i)/p 

vii, 1 ^ • v«(e)r-^^ • vuio, 

which is in x {W^) (recall that J has compact support), yields 

Jo Jr'^ ^ 

^liminfv5”(u”) + ^^ / / ^J{z)\z-Vu{0\PdzdC 

n^oo p Jq 2 


Hence, 


, , ^J{z)\z-yu{£,)?dzd^^\iuYmip^{v^) 

P Jo Jn^ 2 n^oo 


By 0 Lemma 6.16], 

/ / %j(z)iz-vu(e)rdzd? 

do d]R<i ^ 

= f f '^^^Jiz)\z-^u{^W-^z-Vu{Ozjdju{^)dzd^ 

Jo dRrf ^ 

= / ivu(e)rde 
Jo 

Hence, we have proved that 

(/3(u) ^ liminf 

n^oo 

Since the above arguments work for any subsequence of this concludes the proof 
forpe (1,2). 

Case: p = 1 

By [SJ Theorem 6.11], it follows that u € BV{0) and 






weakly in the sense of measures. 

Let 77(^, z) G Cb {0 X R"^) be a test function. Then clearly 

/ / -7rJ{znoi^ + £nZ) - r]{^,z)dzd( 

JoJR‘‘ z En 


€ 


Cj,i 


O dR<J 


J{.z)lo{i -^SnZ) 


2 

= hl|oo‘/3”(l^”)- 

Upon taking the limit n —^ oo we obtain that 

Cj,i 


‘(f + e„2;) -u"(C) 


dz d^ 


E 


Jo dR<J 


J{z)ziri{^,z)dzd[Diu] < UpUoo bminf (p”(u”). 

Z n—^oo 
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Taking the supremum over all test functions of the form 77 such that ||77||oo ^ 1 
yields by [2 Proposition 1.47], 

%i|/r|(C) X R'^) < liminf 

2 n —^00 

where l/xKOxlR'^) denotes the total variation of the signed Radon measure dz) = 
Yfi=i J{z)zidzd[Diu]. 

Since by [5j proof of Theorem 7.10, p. 174], 

^|m|(OxR") = |Du|( 0 ) = ||u||tu, 

we get that 

^p(u) ^ liminf 

n—^oo 

Since the arguments work for any subsequence this concludes the proof. 

(ii): Taking dESl) into account, recall that 

C J^pKp^d 


[ J{r)rP+^-^dr = 1 . 

Jr+ 


Case: p G (1,2) 

By [121 Theorem 2’, Corollary 4, D] applied with j{r) = J(r), for u G 

W^’P{0), we have that 


Cj,pKp,d 1 


e^O £<^+P Jq Jq 


J 


ic-ei 


|w(C) 


= lim 


£->■0 ed'+P 

= Kp^d [ iVu^de 

Jo 


IC-^I 


|w(C) 


dCd^ 


Hence, for u G W^’P[0), 

e^O e-J-O 2pe‘^ Jq Jq \ £ J £ 

= - f 

P Jo 
= piu)- 

Case: p =1 

Again, by [T2J Theorem 2’, Corollary 4, D], for u G BV{0), we get that 


Cj.iKi^d 1 

lim 


£->■0 e '^+1 


J 


O JO 


IC-ei 


|u(C) 


= lim 


£->o e^+i 
= Ki^d\Du\{0). 
Hence, for u G BV{0), 


O JO 


IC-?I 


|m(C) - u{^)\dCd^ 


lim p^{u) = lim f f J - - 


u{C)-u{0 


dCd^ 


= \Du\{0) 

= ^{u). 


□ 
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6. Trotter type results 


6.1. Stochastic p-Laplace equations. We consider stochastic singular p-Laplace 
evolution equations with zero Neumann boundary conditions 

dXt € div (t> (VW) dt + B{Xt) dWt, 

(6.1) <(>(VW) • P 9 0 ondO, t>Q, 

Xq = Xq 


on bounded, convex, smooth domains O C , where p denotes the outer normal 
on do and (j) = dip is given as the subdifferential of a convex function ip : R'^ —R_|. 
satisfying 

(6.2) iP{z) = ^{\z\) 

for some convex, continuous, non-decreasing function ip and 

(6.3) ip{z) ^Cil + lzl"^) VzeR'^. 


In particular, we are interested in singular p-Laplace equations, that is, (p{z) = 
lzjP~^z with p G [1,2). Note that this includes the stochastic total variation flow 
for p = 1. In the following let H = S = and B,W be as in Section [51 
Further, let 


(6.4) 


(p{u) 


ip{Vu) d^ if u S 
-boo if It G \ 


and let (f be the l.s.c. hull of ip on L^. We may then write dSID in its relaxed form 


(6.5) 


dXt € -dp{Xt)dt -b B{Xt)dWt. 


From [531 Example 7.9] we recall that there is a unique (limit) solution to (16.1|) . 
which by a slight inodificatiorQ of [241 Appendix C] is also an SVl solution to (EU. 


Theorem 6.1. Let "0" he a sequence of convex functions satisfying (ESI) and E31) 
with a constant C > 0 independent of n. Suppose that 0 := i| • [^ in Mosco 

sense and 

limsup0”(z) 0 0(z) VzGR^. 

n—¥oo 

Let A” be the unique (limit) solutions to (16. 1|) with ip replaced hy ip'^ and X the 
unique SVI solution to Ell with Ip as above. Then 

in L^{[0,T]xn;H) 


for n ^ oo. 


Proof. Let as in EH with Ip replaced by 0". By Proposition 16.21 below we 

know that p"^ ^ p in Mosco sense and limsup„^(^ p^{u) 0 p{u). Hence, the proof 
follows from Proposition 12.51 and Theorem 12.61 □ 

Proposition 6.2. Let ip^^^ip ■ R'^ —> R+ be l.s.c., convex functions satisfying 
0"(O) = 0(0) = 0 and (16.31) for some constant C > 0 independent of n. Suppose 
that 0” Ip in Mosco sense and 

(6.6) limsup0"(z) 0 0(z) Vz G R"^. 

n—>-oo 


^In |24l Appendix C] SVI solutions are defined for the special choice F = B{Z) in Definition 
12.11 (cf. also Remark 1 2. 20 . However, it is easy to see that the same arguments as in |24l Appendix 
C] can also be employed for general F, thus leading to an SVI solution in the sense of Definition 

o 
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Let (fin, he as in (EH) with l.s.c. hull on denoted by ip'^, tp respectively. Then 
ip^ ^ (p in Mosco sense in and 

(6.7) limsup (m) < (p{u) Vm S 

n—^oo 

Proof. In the following let i?” denote the resolvent corresponding to dtp'^, that is, 
for / G z = i?"/ is the unique solution to 

(6.8) z + dip'^{z)B f. 

Equivalently, 

{f,v - z)l 2 + ip'^{z) + ^\\z\\l 2 ^ T^-iv) + ^\\v\\l 2 VvGL^. 

Analogously let Ri be the resolvent of dp. We prove convergence of the resolvents 
Rif to Rif for all f G L'^, which by [71 Theorem 3.66] implies the desired Mosco 
convergence of to p . In order to prove convergence of the resolvents, in a first 
step we need to establish an bound. 

Step 1: In this step we prove that 

(6.9) WRifWm ^ WfWm- 

In the following we consider n G N fixed and suppress it in the notation. Let 
/ G . We proceed by considering a non-degenerate, non-singular approximation 
of p, that is, we define 

^._//oV'"(V«) + ||Vupde ugh^ 

|-|-oo u G LS‘\ H^, 

where denotes the Moreau-Yosida approximation of ijj. Then p^ is easily seen 
to be l.s.c. on L^. Moreover, 

V{dp^) = Hli := {v G H'^ : Vu • u = 0 on 80} 

with 

(6.10) — 9 (/ 3 '^(m) = div(/)'^(Vu) -I- AAu \/uGH^, 

where := We now consider the resolvent equation corresponding to p^, 

that is, 

- div (t)^{Vz^) - -h dp^{z^) = f. 

In particular, we have G V^dp) = and div0^(Vz^) -I- AAz"^ G Multi¬ 
plying with —Az^ and integrating yields 

llz^ll^, + (div cp\Vz^) + AAz^ Az")^. ^ ll/ll||z"||^,. 

As in (1X71) we observe that 

(6.11) (div 0^(Vz^) -I- AAz"^, Az'^)i 2 0 

and hence 

(6.12) ^ WfWm- 

Let z* be a weak accumulation point of z^ in H^. By Mosco convergence of integral 
functionals (cf. Appendix |B|, we have p^ ^ p m Mosco sense in H^. Hence, for 
V G , we can pass to the limit in the resolvent equation for p^, that is, in 

{f,v- Z^)i 2 + ^^(z^) + i||z^||i. < p\v) + Iwvwh 

and we get that by weak lower semi-continuity of the norm and Lebesgue’s domi¬ 
nated convergence theorem 

(/W - z*)l 2 + piz*) + i||z*||i 2 ^ p{v) + i||r;||i 2 . 
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for all V £ . Since ip is the l.s.c. hull of ip , for each v € there is a sequence 

Vn G such that —?► u in and limsup„_^go ^(u„) ^ ip{v). Hence, for each 

V £ we obtain that 

{f,v- z*)l^ + ip{z*) + i|| 2 *||i 2 ^ ip{v) + illwllis, 
and, hence, z* is the resolvent Rif of dp, that is, 

z* + dp{z*)Bf. 

By (IH.12I) we conclude 

\\z*\\H^^\\f\\H^- 

Step 2: Now, let f G and consider the sequence of resolvent Zn = Rif, that is, 

Zn + dp^[Zn) 9 / 

By step one we have that 

< WfWm- 

Let z* be a weak accumulation point of Zn in H^. By Mosco convergence of integral 
functionals (cf. Appendix [Q we have p"^ ^ p in Mosco sense on . Moreover, 
by reverse Fatou inequality, lim sup„ (i;) ^ p{v) pointwise in . Hence, for 

V £ , we can pass to the limit in 

(6.13) {f,V- Zn)L^ +Pn{Zn) + ^WZnWl'^ ^ Pn{v) + ^1^11^2, 

to obtain 

{f.v- z*)l 2 + p{z*) + ^\\z*\\l 2 ^ p{v) + ^\\v\\l 2 . 

Since p is the l.s.c. hull of p , for each v G L"^ there is a sequence Vm G such 
that Vn ^ V in Lf and limsup„_^go p{vm) ^ Therefore, we obtain 

(.f,v- z*)l^ + p(z*) + ^\\z*\\l 2 ^ p{v) + ]^\\v\\l 2 , 
for all V G L'^ or equivalently 

z* + dp{z*)3f. 

Setting V = z* in (16.1311 . yields limsup„ H^nllis ^ || 2 *||l 2 and hence by weak lower 
semi-continuity of the norm —>• ||z*||i 2 . By the Kadets-Klee property of 

Hilbert spaces, we deduce strong convergence z„ —z* in L^. In conclusion, for 
f G we have shown 

R^f^Rif inL" 

for n —>■ oo. By density of the embedding C and [7l Theorem 3.62] this con¬ 
vergence holds for all f G L^. By [T] Theorem 3.66] this implies Mosco convergence 
of p^ to p. 

The inequality follows using and the reverse Fatou inequality. □ 

Specific examples of approximations ■0” of 0 in Theorem 16.41 one may consider 
(note that pointwise convergence of 0" to 0 on implies Mosco convergence, 
cf. [21] Example 5.13]) 

Example 6.3. 

(i) Convergence of powers: Let £ [1,2) be a sequence such that —>■ po 

for some po G [1;2) and set 0"(-) := • j^". 

(ii) Vanishing viscosity: Let 'tj}^{z) = ^\z\‘^ + if{z). 

(iii) Yosida-approximation: Let 0” be the Moreau-Yosida approximation of 
0 (-) :=i|-lPforp£[l,2). 






STABILITY OF SOLUTIONS TO SPDE 


31 


6.2. Stochastic fast diffusion equations. We consider stochastic generalized 
fast diffusion equations of the type 

(6.14) dXt £ X(j){Xt)dt + B{Xt)dWt, 

Xq = Xq 


on bounded, smooth domains O C with zero Dirichlet boundary conditions, 
where (f) = dip is given as the subdifferential of an even, convex, continuous function 
tp R+ satisfying 

(6.15) '0(r) ^ (7(1 + |rp) Vr G R. 

In particular, we are interested in fast diffusion equations, i.e. '0(r) = , 

m £ [0,1]. Note that this includes the multivalued case m = 0. In this section we 
consider the stability of solutions to (I6.14|) with respect to p. 

Let 


(6.16) 


^p{u) 


/q '4>{u) d£, if u G 
+00 if u G H~^ \ 


and (fi be the l.s.c. hull ot (p on H ^ 


We may then write (I6.14|) in its relaxed form 


(6.17) 


dXt £ -dip{Xt)dt + B{Xt)dWt. 


In the following let H = H~^,S = where H~^ is the dual of Hq{0). Further, 

let R, W be as in Section^ By [531 Example 7.3], for each xq £ L^(^, Xq; H) there 
is a unique (limit) solution to (16.141) . By a slight modification of [531 Appendix 
C] this solution is also a continuous SVI solution to (|6.14l) . We further note that 
by [23] for ip{r) = with m £ [0,1] there is a unique continuous SVI 

solution to (I6.14L 

Theorem 6.4. Lettp^ be a sequence of even, convex, continuous functions satisfy¬ 
ing (16.151) with a uniform (7 > 0. Suppose that tp'^ —>■ ip{-) := \ ■ ['"^^ for some 

m £ [0,1] in Masco sense and 

limsup'0”(r) ^ '0(r) Vr G R. 

n—¥oo 

Let A" he the unique (limit) solutions to (I6.14|) with ip replaced by tp’^ and X be 
the unique SVI solution to (16.141) with ■0 as above. Then 

in L^{[0,T]xn-,H-^) 

for n ^ oo. 


Proof. We aim to apply Proposition 12.51 and Theorem 12.61 Let 0”, 0 be as in 
(16.161) with l.s.c. hull on H~^ denoted by p respectively. We need to prove 
that ^ p in Mosco sense and limsup„_^oo p'^{v) 0 p{v) for all v £ S. Indeed, 
this holds by Proposition 16.51 below, which finishes the proof. □ 

Proposition 6.5. Let 'p'^,’ip : R — >• R_|_ be l.s.c., convex functions satisfying 
0"'(O) = 0(0) = 0 and (16.1511 for some constant (7 > 0 independent of n. Sup¬ 
pose that 0” ip in Mosco sense and 

limsup0”(r) 0 0(r) Vr G R. 

n—¥oc) 

Let 0", p be as in ()6.16p with l.s.c. hull on H~^ denoted by p^, p respectively. 
Then p^ ^ p in Mosco sense in H~^ and 

(6.18) limsup(/5"(M) 0 (/3(u) 'iu£H~^. 

n—¥oo 
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Proof. The proof follows along the same lines as Proposition 16.21 replacing by 
H~^, by LF' and by i?Q. The only difference appears in the derivation of 
the L/^ bound of z"'', where instead of (16.111) the elementary observation 

for S Hi and A(^^( 2 :^)+Az'^) € is used. The details are left to the reader. □ 

As in Section 16.11 As specific examples of approximations ip'^ of in Theorem 16.41 
one may consider 

Example 6.6. 

(i) Convergence of powers: Let to„ G [0,1] be a sequence such that m„ mo 

for some toq £ [0 ,1] and set '!/'"'(•) := ^ | • 

(ii) Vanishing viscosity: Let tp^{r) = 

(iii) Yosida-approximation: Let be the Moreau-Yosida approximation of 
^(•) 


7. Homogenization 


7.1. Stochastic p-Laplace equations. We consider the periodic homogenization 
problem for stochastic p-Laplace equations of the type 

dXt = div (^a \VXt\P-^VXt'^ dt + B{Xt) dWt, 

(7.1) \yXtf~^XXfV = 0 ondO,t>0, 

Xo = xo, 


where p G (1,2) and a G L°“(R‘^) is periodic on a cnbe Y := k < Vi, 

\ P i P d and a ^ p > 0 for some constant p > 0. We note that the results from m 
applied to (EH) require, in addition, that B = (—A) for some a > 0 constant, 
a G C^{Y) and p = 2. We do not require these additional assumptions. We show 
that the solutions X’^ to (17.11) converge to the homogenized limit 


dXt = Mria) div {\VXt\P-^VXt) dt + B{Xt) dWt, 
(7.2) \XXt\P-^yXfiy = 0 onaO, t>0, 

Aq = Xq, 


where 


For u G H := Lp{0) let 


Mvia) := |^^a(OdC- 


and 


ip%u) ■.= 


p{u) := 


ifnGVFMO) 

+00 otherwise. 

I -too otherwise. 


By [29], for each e > 0 there is a unique variational solution to EH), which 
as in Remark 1 2.3 1 is easily seen to be a time-continuous SVI solution to (17.11) with 
H = LP[0), S = H^{0). By Section [3] there is a unique time-continuous SVI 
solution to EH with H, S as before. 






STABILITY OF SOLUTIONS TO SPDE 


33 


Theorem 7.1. Let xq S L^{Q,Tq; H) and let , X be the solutions to (17.11) . (17.21) 
respectively. Then 

in L^{[0,T]xn-,H) 


for £ —>• 0. 


Proof. The proof follows immediately from Theorem l7.2l below. Proposition l2.5l and 
Theorem 12.61 □ 

Theorem 7.2. For e \ 0 we have that —>■ in Moseo sense in LP{0). 

Furthermore, for all u G L^ifO), we have that 

limsupv3^(it) < 

6 —>^0 


Proof. Let £„ —)> 0 and, by abuse of notation, set := Let u" G L^{0) such 
that ^ u weakly in LP{0) for some u G LP[0). W.l.o.g. 

liminf < +00 

n—>-oo 

and for a non-relabeled subsequence < 00 and 


Hence, 


lim = liminf < -|-oo. 




Since u" is bounded in W^’P(O) a subsequence of u" converges weakly to some 
iiP G IT^’P(O). By the PP{0)-weak convergence u" ^ u we have u'^ = u G W^'P{0) 
and we conclude 

Jo 


By Young’s inequality, for 77 G L‘^{0] R*^), 

[ Vu^r]d£,= [ . Vm’^o 

Jo Jo a 


(*) 

< + - [ 

9 Jc 




df 


df 


(i) 

Passing on to the limit, by [TOl Theorem 2.6], 

/ VuTyd^ ^ lim inf </?"(■«”)-f - / My (a^“'^)| 77 |‘^ 

Jo 9 Jo 

Note that by Jensen’s inequality, MY{a^~'^) ^ MY{a)^~'^. Hence, setting 77 := 
My(a)|VM|P-2VM G L9(C>;R‘^), yields, 


and hence 


MY{a) [ jVuj^ ^ liminf -I-- / My (a)|VM|^ d^, 

Jo 9 Jo 

My (a) 




jVMjPd^ < lim inf (^"(u") 


P Jo 

and the first Mosco condition is proved. By [161 Theorem 2.6], it is easy to see, 
that for all u G W^'P{0), 

lim - [ a(-^) \Vu\P df = [ iVuJPde 

n^ocpJo \SnJ P Jo 
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Hence, 


for each u G LP{0). 


lim sup tp" (m) < 

n—foo 


□ 


7.2. Stochastic fast diffusion equations. We consider the homogenization prob¬ 
lem (e —0) for stochastic fast diffusion equations of the type 

(7.3) dXt = A dt + B{Xt)dWt, 

Aio = xq, 


with m G (0,1), on bounded, smooth domains O C with zero Dirichlet boundary 
conditions. Here, a G L°°(R‘^) is periodic with respect to a cube Y := 
li < Vi, 1 ^ i d and bounded from below, i.e. a ^ p > 0 for some constant p > 0. 
Note that in m the function a was assumed to additionally satisfy: a Lipschitz on 
Y, a G C'^iY) and Ao ^ 0. We do not require these additional assumptions. 

In this section we show that the solutions A® to (USD converge to the unique 
continuous SVI solution to the homogenized limit 

(7.4) dXt = MY{a)A dt + B{Xt)dWt, 

Xo = Xo- 

As in m we define 

Lm+I ^ jj -1 g ^m +1 . J ^ C||h||^i, Vh G Cl{0) for some C ^ o| . 

For u G H~^ we set 

if u G n 
otherwise. 

if u G n 

otherwise. 


p^{u) := 




and 


oo 




By [29] there is a unique variational solution X^ to (ESI) for each e > 0. As in 
Remark 12.31 it is easy to see that A® also is a continuous SVI solution to (17.31) with 
H = S = L‘^{0). By there is a unique continuous SVI solution to (17.41) 
with H, S as before. 


Theorem 7.3. Let xq G L^{n,To; H) and let X^, X be the solutions to (17.31) . (17.41) 
respectively. Then 

A^^A m L2([0,T] X H;i7) 


for e —>• 0. 


Proof. Using Theorem 17.41 below, the proof is a direct application of Proposition 
12.51 and Theorem 12.61 □ 

Theorem 7.4. For e \ 0 we have that ip^ —)■ in Mosco sense in . 

Furthermore, for all u G H~^, we have that 

limsupip^(it) < :p*'°™(m). 
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Proof. The proof proceeds similar to Theorem 17.21 For the readers convenience 
we include the proof. Let ^ 0 and, by abuse of notation, set := . Let 

m” G n such that ^ u weakly in for some u G H~^. W.l.o.g. 

lim inf < +00 

n^oo 

and for a non-relabeled subsequence < oo and 

lim = liminf < -hoo. 

n—¥oo n—¥oo 

Hence, 

which implies that there is a subsequence (again denoted by m") that converges 
weakly to some vP G L'"+^(C>). By the H~^ weak convergence ^ u we have 
that = u. In particular, we conclude that u G n H~^ with 


[ \ur+u^^c. 

Jo 

By Young’s inequality, for 77 G (O), 


[ u'^r]d^= [ , u"a ( 

Jo Ven/ 


< ^ [ 

Tn Jo 


\l) 


“ I f I <if 


|I!l+i -J- f i 
- a ^ 


dt 


m + 1 Jq 

Passing on to the limit, by [Tin Theorem 2.6], 

/ urydf ^ liminf i 75 "('u") -I-/ My{a~^)\r]\~^ d^. 

Jo n^oo m -|- 1 Jq 

Note that by Jensen’s inequality, MY[a~J^) < MY{a)~^. Hence, setting rj := 
My(a)Mt'"l G L^, yields, 

My(a) / |ur+id^^liminf(p"(u")-k^^ / My(a)|ur+i 

Jo n-)-oo m + 1 Jq 


and hence 


m +1 Jq n^oo 


and the first Mosco condition is proved. By m Theorem 2.6], it is easy to see, 
that for all u G 


1 


lim 

n-s-oo m -|- 1 


lo \^ri 




ur+^d^ = 


My {cl) 
m + 1 


[ wr+ut 

Jo 


Hence, 


limsup+^{u) < 


for all M G iJ 


□ 
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Appendix A. Moreau-Yosida approximation of singular powers 

Let ■= P S [1,2) and (j) := d^. We choose tp^ to be the Moreau-Yosida 

approximation of ip (cf. [7J p. 266]). Then (p^ := dip^ is the Yosida approximation 
of (p, i.e. 

- RsO ^ ^{RsO VCeR", 

where Rs{0 is the resolvent of (p, that is, the unique solution ( to 

c+sm^c 


We note that 

(A.l) l/(e)K 1^(01 :=mf{|i7|:^?e<)>(e)} S Rf 

Moreover, 

(A.2) = 

= + VesR". 

Hence, 

(A.3) ^{RsO < < HO Ve € R'^. 

By the subgradient inequality we have 

(? 7 , Rs^ -0+ i’iO ^ fpiRsO 

for all T] G (p{0- Hence, using the definition of H 

ipiO - 'iPiRsO < -{v, Rs^ - 0 
^ \v\5\HiO\ 

for every t] G (piO- Hence, using (lA.ll) and (IA.3I) and noting that p G [1,2), we 
obtain 

(a.4) \m-H{o\^mo\^ 

^CSil + i^iO) V^gR^. 

We note 

{HiO - HOO) • (e - C) ={HH0 - HOO) ■ {Rs,^ - RsH) 

( a.5) + {H (0 - (C)) • (e - C - (C - Rs. C)) 

MHHO - HOO) ■ HHOO - S 2 HHO) 
^-2{6,+S,){\H00\^ + \H0(H), 

for all C G R'^. Since 

+ !?!") 

we have that 

(A.6) {Hoo - (0) • (e - 0 ^ -c{Si + 52)(i ++ Id"), 


for all d C € R"^. 
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Appendix B. Mosco convergence of integral fungtionals 

Let iL be a separable Hilbert space and (/J : —>■ [0, +cxd] be a proper, l.s.c., convex 
functional. By [8l Theorem 2.8] the subdifferential dLp is a maximal monotone 
operator on H. For X > 0, x £ H we define the resolvent R^{x) as the unique 
solution y to 

y + Xdip{y) 9 X. 

In the following let be a sequence of proper, l.s.c., convex functionals. 
Definition B.l. We say that ^ ip in Mosco sense as n —>• oo if 

(i) For every sequence £ H such that ^ u weakly for some u £ H it 
holds that 

liminf p^{u^) ^ p{u), 

n—>oo 

(ii) For every v £ H there exists a sequence £ H such that u" ^ u strongly 
and 

limsup(/7”(u") ^ p{v). 

n—^co 

Definition B.2. 

(i) We say that dp'^ —>■ dp in the strong resolvent sense if for each x £ H, 
A > 0 the resolvents converge, i.e. 

(x) —?> R^y^{x) for n —>■ oo. 

(ii) We say that condition (N) holds if there exists a sequence (u", u") £ HxH 
and an {u,v) £ HxH such that u" £ dp'‘(u") for all n S N and v £ dp{u) 
with ^ u and u" v. 

If 0 S 9(/5”(0) for all n S N and 0 £ dp{0), then condition (N) is trivially satisfied. 
From [71 Theorem 3.26] we recall 

Theorem B.3. IFe have p'^ p in Mosco sense if and only if dp^ —> dp in the 
strong resolvent sense and eondition (N) holds. 

Let {XI, A, p) be a complete, totally cr-finite measure space and for u £ L‘^{Xl, p; H) 
let 

p{u) : = / p{u{u!)) p{duj) 

Jn 

(fA{u)\= f p^{u{w)) p{dui). 

Jn 

Note that Pjp"^ define convex, l.s.c., proper functionals on L^{X1, p; H). 

Theorem B.4. Suppose either that condition (N) holds for pA, p or that p is a 
finite measure. Then p^ ^ p in Mosco sense implies that p'^ —> p in Mosco sense 
in L^{X1, p; H). 

Proof. We follow similar ideas as in |5]. 

Step 1: By [301 Theorem 21] the subdifferential of p is given by 

dp{x) := {u £ L^{Xl,p-,H) : v{oj) £ dp{x{uj)) for/x-a.a. w £ H}. 

Let X £ Lf{Xl, p- H), A > 0. By definition, the resolvent R^{x) of dp is the unique 
solution y £ Lf{Xl, p; H) of 

y + Xdp{y) 9 X. 

Due to the characterization of dp above this is equivalent to 
y{uj) + Xdp{y{uj)) 9 x(w) for/r-a.a. w £ XI, 


38 


B. GESS AND J. M. TOLLE 


i.e. 

Hence, 


y{uj) = R^^{x{oj)) for/i-a.a. w S O. 

(w) = Rf^^{x{u!)) for /i-a.a. lo € fl. 


Step 2: By Theorem IB.31 for all x G H, X > 0 we have that 

Rf^ (x) Rf^{x) for n ^ oo 

and condition (N) holds for (p. If /r is a finite measure, condition (N) for (p 
implies condition (N) for tp", ip. Otherwise it holds by assumption. Using step one 
we observe that 


(a;)) (w) = Rf^ (x(uj)) 

= ^R^‘^(x)^ (uj) for p-a.a. uj € ft, 


for n oo. By the contraction property of the resolvent (that is {x)\\h ^ 

||a;||// for all x £ H) and by Lebesgue’s dominated convergence theorem we conclude 


for n —>■ oo. Applying Theorem IB . 31 again, we get the desired convergence (p^ ^ (p 
in Mosco sense in LS‘{fl, p; H) as n —>■ oo. □ 
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